We have recently employed the periodic Anderson model to describe Cerium volume collapse (γ → α transition) under pressure. To describe the volume collapse transition in Cerium, we have tried to plot the pressure versus volume curves and see when a kink structure emerges. One way to obtain the pressure versus volume curve is to calculate the total energy of the system at different temperatures. In order to simulate the periodic Anderson model with electron-phonon interactions, we have used the continuous time quantum Monte Carlo algorithm by integrating out the phonons to obtain a retarded electron-electron interaction. A well known formula for calculating total energy through the knowledge of electron's self energy and Green function is derived from the model's Hamiltonian, which is not available for our case. Here, we have devised a new method to derive the total energy formula purely from a path integral formulation of the system, without resort to its Hamiltonian formulation. Since not all systems can be described a Hamiltonian, our method is thus more widely applicable. It is noteworthy that the total energy formula that we derived takes an identical form with that obtained from a model's Hamiltonian.
I. INTRODUCTION
Recently, we employ the periodic Anderson model to study the behavior of 4f electrons in Cerium to gain further understanding about the volume collapse that Cerium experiences at high pressure [1] . We have introduced electron-phonon interactions to the periodic Anderson model to capture the influence of lattice dynamics upon the Cerium volume collapse. It is argued that the Cerium volume collapse should be due to the emergence of a first order transition. A good method to characterize this first order phase transition is to obtain pressure versus volume curves at different temperatures and see when the pressure versus volume curve develops a kink, which is an indicator for the emergence of first order phase transition. We can calculate the pressure by taking partial derivative of volume with respect to free energy, whereas free energy can be calculated once we have energy as a function of temperature. Thus, a central issue we encountered is to calculate the total energy for the periodic Anderson model with electron phonon interactions. It is well know that once we have a model's self energy and Green function, we can calculate its total energy via this formula:
where ǫ k is electron's dispersion relation, Σ k (iω n ) is electron's self energy, and G k (iω n ) is electron's Green function. ω n = (2n+ 1)π/β is the Matsubara frequency. This formula is a natural corollary of equation of motion for electron's Green function, which can be conveniently derived once we have the model's Hamiltonian. For our case, in order to solve our model, i.e., obtain the electron's Green function and self energy, we have used the diagrammatic Monte Carlo method as detailed in Ref. [2] , where the authors have integrated out the phonons to obtain a time-retarded electron-electron interaction. After the phonons have been integrated out, we are left with an effective action, from which no Hamiltonian can be obtained. Since Hamiltonian is directly related with the total energy of the system, it thus becomes tricky to calculate the total energy without an explicit model Hamiltonian. Here in this paper, we are going to present our method to calculate the total energy using the effective action, rather than Hamiltonian, as our starting point. We will show that the formula for calculating the total energy that is originally derived through the Hamiltonian formulation is still applicable even when the system can only be described by an effective action, although the derivation details are totally different. The problem of dealing quantum mechanically with a system that is derived from the principle of least action is encountered by Feynman, who designed the path integral approach to quantum mechanics just to address such an issue [3] [4] [5] . By integrating out the phonons in our model, we also encounter a similar situation, where we are left with a resultant system with no Hamiltonian formulation. In order to derive the total energy formula for such a system, we need to employ the Schwinger-Dyson equation method, which furnishes us with an equation motion that is purely derived from path integrals. Once we have the equation of motion for electron's Green function, we can easily calculate the total energy of the system.
The organization of the paper is as follows. In section II, we will show the equivalence of Schwinger-Dyson equation method and the operator method in the derivation of equations of motion in a toy model that nevertheless captures the essence of electron-phonon interactions. In this section, we will derive the equation of motion following three ways: the operator method, the path integral method with phonons present and the path integral method with phonons integrated out. All of these methods yield identical results. Having established the validity of Schwinger-Dyson equation method in the toy model, in section III, we will show that we can derive the equation of motion, and thus the total energy, of periodic Anderson model with electron-phonon interactions (PAM + phonons). Since we have used the continuous time quantum Monte Carlo algorithm to simulate PAM + phonons model, and during the Monte Carlo simulation process it is advantageous to integrate out phonons to obtain an effective model that contains retarded electronelectron interactions, we thus need to calculate the total energy of a system without an explicit Hamiltonian formulation. It is this requirement that motivates us to develop the Schwinger-Dyson equation [6, 7] method to derive the equation of motion as described in this paper. We make a conclusion in section IV. We give more details about how to integrate out phonons in periodic Anderson with electron-phonon interactions in the appendix.
II. SCHWINGER-DYSON EQUATION METHOD TO DERIVE EQUATION OF MOTION FOR A SIMPLIFIED HOLSTEIN MODEL
In this section, we are going present the derivation of the equation of motion for Green function in a simplified Holstein model using three methods: the operator method, the path integral method, and the path integral method with phonons integrated out. The operator method, although most straightforward, is restricted to the case where we have a Hamiltonian formulation of the system, which is not always available. We will next show that we can accomplish the same results as that from operator method using path integral formulation. Once we have formulated our system using path integral, we can integrate out the phonons and obtain an effective action that only involves electrons. We shall demonstrate that the equation of motion of the electron's Green function, and thus the total energy of the system, remains invariant regardless whether the phonons are retained or integrated out. Since in the Continuous time quantum Monte Carlo simulation process it is advantageous to integrate out the phonons and obtain a retarded potential between electrons, thus the derivations here show that we can use the same equation to calculate the total energy even if the phonons are integrated out and a Hamiltonian formulation of the system is unavailable. It is noteworthy that the Schwinger-Dyson equation method applies to any model that admits a path integral formulation, especially models with electron-phonon interactions.
A. Model description
Our toy model can be described by this Hamiltonian:
The partition function for this Hamiltonian is
where the action of the system is
Since the complex variablesā, a are quadratic in the exponent, we can perform the Gaussian integral in a closed form as
where the effective action S ef f is
In the above equation for S ef f , we have defined the bare phonon propagator:
Electron's Green function for Hamiltonian that does not depend on τ explicitly is defined as (using operator notation)
It can be also be equivalently defined as (using path integral formulation)
Now we are going to derive the equation of motion for the electron's Green function using both operator notation and path integral formulation, and show that these methods yield identical result.
B. Operator method to derive equation of motion for Green function
Derivation of the equation of motion for Green function using operator notation method is pretty straightforward. We only need to apply time derivative operator ∂ ∂τ to Equ. [8] and obtain this result:
That is,
This method is easy to understand and straightforward to follow. However, in order to use this method, we must have a Hamiltonian formulation of the system, which is not always available. Feynman originally designed path integral formulation of quantum mechanics just to cope with the situation where the system is derived from the principle of least action and cannot be described using a Hamiltonian. We also encounter the same situation while employing CT-QMC to simulate models with electronphonon interactions. Next, we will show that we can equally well derive the equation of motion for Green function even with the absence of an explicit Hamiltonian. The way to circumvent Hamiltonian is to use the path integral method, which will be detailed in the next section.
C. Path integral method to derive equation of motion for Green function: with phonons present
As we can see, the equation of motion for Green's function is easy to obtain as long as we have an operator formulation of the system. We can equivalently derive the equation of motion using path integral formulation. For this, we are to employ the Schwinger-Dyson equation. Schwinger-Dyson equation is not well known in the condensed matter community, and thus we shall give this equation a brief derivation that should be easy to follow for anyone who is familiar with variational calculus. First, consider the following infinitesimal translation of the Grassmann field variables:
By definition, the following quantity should be invariant before and after the field translation:
However, the action S does change under this translation. In the framework of the translated field variables, the action is 
After cancellation of the above equation, we finally arrive at the Schwinger-Dyson equation:
In order to get the equation of motion for Green function, we set δc = 0, and the integrand in the above equation simplifies into this form:
Plug this back into Equ.
[16], we have
Since this equation holds for any δc, we thus, from the definition of Green function in path integral formulation, have
This is identical to the equation of motion that was derived using operator notation.
D. Path integral method to derive equation of motion for Green function: with phonons integrated out
The advantage of Schwinger-Dyson equation method for derivation of equation of motion for Green function is that it applies to any system that admits a path integral formulation. Following Feynman, we can reformulate a large family of classical Hamiltonian systems into its quantum counterpart using path integrals, however, as Feynman noted in his thesis, there are systems that can only be represented using classical action for which no Hamiltonian expression can be found. In this case, the Schwinger-Dyson equation is the only method available for the derivation of equation of motion. One such case when the system can only be represented in path integrals is the Holstein model with phonons integrated out. This is the standard approach to simulate electronphonon interactions using quantum Monte Carlo. Some critical features of system depends on the knowledge of the model's entropy and free energy, and the numerical computation of these two quantities requires the calculation of energy. One method to derive model's energy is to use the equation of motion for Green function. Thus, it is an imperative task to know how to derive the equation of motion for Green function without the Hamiltonian formulation which we often take as granted. For our simplified Holstein model, the action is
where S φ is the part of the action that contains phonons:
By integrating out phonons, we can recast the partition function into this form:
Here,
is the partition function for bare phonons, and S ef f is the effective action obtained by integrating out the phonons. Similarly, define a quantity that is invariant under the transformation c → c
Using
If we set δc = 0 and notice that
then we obtain the variation of the action as
Thus the integrand in Equ.
[24] is
We demand that Equation [24] should hold for any field variation δc. From the principles of variational calculus, we obtain the equation of motion for Green function:
The equivalence of Equ.
[11], Equ.
[19] and Equ.
[27] is easy to see. In Equ.
[27], if we set τ = 0, τ ′ = 0 − , then we have the expectation value of the interaction energy as
Similarly, for Equ.
[11] and [19], we can also set τ ′ = 0 − , τ = 0 to obtain the electron-phonon interaction energy as
[28] and Equ.
[29] is obvious. Note that the total energy can be calculated by adding electronic kinetic energy which is trivial to obtain to the electron-phonon interaction energy. Thus far, we have derived the total energy formula via three methods: the operator method, the path integral method with phonon present, and the path integral method with phonons integrated out. All three methods yield identical result.
In this section, we have demonstrated the applicability of Schwinger-Dyson equation method for the derivation of total energy formula for a toy Holstein model. In the next section, we will employ Schwinger-Dyson equation to derive the total energy formula for periodic Anderson model with electron-phonon interactions following the same procedures delineated in this section.
III. SCHWINGER-DYSON METHOD TO DERIVE EQUATION OF MOTION FOR PERIODIC ANDERSON MODEL WITH ELECTRON-PHONON INTERACTIONS
A. Periodic Anderson model with electron-phonon interactions: A Brief description
Our model Hamiltonian for periodic Anderson model with electron-phonon interaction iŝ
Here, c † i,σ , c i,σ (f † i,σ , f i,σ ) creates and destroys a c(f ) electron of spin σ at lattice site i, respectively.â i ,â † i is the annihilation and creation operator for a phonon located at lattice site i. U is the Hubbard repulsion between localized f -electrons, and V characterizes the hybridization between c and f electrons. This Hamiltonian in momentum space iŝ
We are going to use the path integral method to integrate out the phonons and obtain an effective action that describes the retarded density-density interactions between electrons. With path integrals, the partition function for this Hamiltonian can be written as
Integrating out the phonons, we can factorize the partition function into the form Z = Z 0 Z ef f , with Z 0 = (1 − e −βω ) −1 , and
See the appendix for a detailed derivation of the effective action. With the effective action, we can employ the Schwinger-Dyson equation to derive the equation of motion for electron's Green function, and further calculate the total energy of the Hamiltonian. Next, we will show how to derive the equation of motion for Green function.
B. Equation of motion
Now that we have already obtained the effective action for our model, we shall begin to derive the equation of motion for Green function using Schwinger-Dyson equation method. Consider the transformation of field variables,
Define a quantity that is invariant under this transformation,
After expanding to first order and cancelling identical terms on both sides, we have
Here, the variation of action is
[36], we can obtain two independent equations, which are
For the first equation, we can set δc = 0, δf = 0, δf = 0 and obtain
Plug this into the path integral, we have the equation
For the second equation, we can set δf = 0, δc = 0, δc = 0, and then we have
Plug this into the path integral, we have
Combining the above two equations together, we have the matrix equation (φ and ψ are just padding elements for the matrix equation, and their explicit forms are of no concern to us):
Here, in the above equation, we have defined two quantities
Therefore, the potential energy is
The kinetic energy is trivial to calculate, which is
Combination of the kinetic energy and the interaction energy gives us the total energy of the system.
IV. CONCLUSION
In this paper, we have demonstrated how to derive the Green function's equation of motion without resort to an explicit Hamiltonian. The equation of motion for Green function is straightforward to get when we have Hamiltonian formulation of the system. However, Hamiltonian formulation of a system is not always available, one such case where we are bereft of an explicit Hamiltonian formulation is when we integrate out phonons to obtain a retarded electron-electron interaction in Holstein model or its generalizations. We have shown that for a simplified toy Holstein model, Green function's equation of motion can be derived via three equivalent methods, one of which is to integrate out the phonons and use SchwingerDyson equation method. We further show that for periodic Anderson model with electron-phonon interactions, we can equally well derive the equation of motion via Schwinger-Dyson equation method. Our ultimate goal is to calculate the total energy of the system, a goal that can be accomplished with some mathematical manipulations once we have already obtained Green function's equation of motion. We have shown that the well known formula for calculating the total energy of a system is applicable here, although for our case that formula should be derived through the Schwinger-Dyson equation method.
left with an effective action that only involves the electrons. In the new effective action, electrons experience a retarded attractive potential. We can interpret this as one electron is attracting another electron by emitting or absorbing a virtual phonon. The advantage of integrating out phonons is that we are left with an effective system that involves only electrons, an effective system that can be conveniently simulated using the continuous time quantum Monte Carlo (CT-QMC) method. We have been using CT-QMC to simulate the effective system that results from integrating out phonons, and it is the study of this system that motivates us to develop the Schwinger-Dyson equation method to derive the total energy formula as shown in this paper.
The partition function for our original Hamiltonian is
Here, S is the action which is
The phononic contribution to the action is
Integration with respect to phonons yields
Here, the partition function for bare phonons is
and the current J q,m is defined as
Its conjugate isJ
After integrating out the phonons, we have an effective action
Fourier transforming back to τ space, we have The effective action S ef f represents the time-retarded density-density interaction between two c electrons mediated by the exchange of a virtual phonon. This interaction differs from the instantaneous Hubbard interaction not only in that it is time-retarded, but also in that the spins of the two electrons do not have to be opposite, as required for on-site Hubbard interactions. With this observation, the original partition function can be recast into the form
where, the effective action is In our Monte Carlo simulation, we start with the effective action, and obtain Green functions and self-energies for retarded conduction electrons and instantaneous f electrons. Now that we are bereft of a Hamiltonian formulation of the system, we cannot directly use the formula E V = 1 β k,iωn Σ k (iω n )G k (iω n ) which is derived based on the assumption that the system can be described by a Hamiltonian. Here, we propose an alternative method to derive the total energy with the effective action as our starting point. The derivation of the total energy demands the knowledge of the equation of motion for the Green functions. Schwinger-Dyson equation was originally designed to obtain the equation of motion for the Green function based on the path integral principle, and thus can be readily used to derive the total energy for our system. In the next section, we will give a brief review of the Schwinger-Dyson equation. For sake of concreteness, we will apply Schwinger-Dyson equation to a simplified Holstein model, and show how to derive the equation of motion for Green functions with the absence of Hamiltonian.
